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The logic contains the connectives
N, >, =+, =, ite, ‘7 ) \l/a V,®

and truth values
f. t.

)

The truth value t is designated.

We verify that all classical logic satisfies some well-known properties (involving only A, V, —, =, and ).
We output proofs in “multidimensional” format, which for classical logic means just two sides to a sequent,
as usual.

1 Bernays’s axioms for classical logic
Proposition 1 The formula (A — (B — A)) is a tautology.
The problem is equivalent to proving the following sequent:

0] (A= (B—A))

Derivation of [} | (A — (B — A))]:
axiom for A
(A, B | A]

[A](B = A4)]
@] (A= (B—A))

Proposition 2 The formula (A — (A — B)) — (A — B)) is a tautology.

The problem is equivalent to proving the following sequent:

@] (A= (A—B)) = (A= B))
Derivation of [ | (A — (A — B)) = (A — B))]:

axiom for B axiom for A
[4,B | Bl (414, B] axiom for A
(4, (A— B) | B] [A] A, B]
[, (A= (A= B) | B
(A= (A—B))|(A— B)
0] (A= (A= B))—(A—B))]

—t

Proposition 3 The formula (A — (B — C)) = (B — (A — ())) is a tautology.



The problem is equivalent to proving the following sequent:
0] ((A—=(B—=C))—=(B—=(A=0)
Derivation of [0 | (A — (B — C)) = (B — (A — ()))]:

axiom for C'

t axiom I1or axiom 1or
BCIGA-C) . BlBUSe . [ABIAC

CI(B=(A=0)] " BIB(B-MA-C) . [B[AA-C)
(B=C)[(B~(4-0)) 0]A.(B = (4 0))
(A= (B~ C) | (B~ (A~ C))
BT(A~(B=0) (B~ (A=)

t
—f

—t

Proposition 4 The formula (B — C) — ((A — B) = (A — (C))) is a tautology.

The problem is equivalent to proving the following sequent:
01((B—C)= (A= B)—= (A=)
Derivation of [ | (B — C) — ((A— B) — (A — O)))]:

axiom for C axiom for A axiom for A
[A,B,C | C] . [A,C | A, C] . axiom for B [A| A, B,C] .
[B,C| (A— Q) [C|A(A—=C) . [B|B,(A—=C)] [0]AB,(A— Q)
[C,(A— B)|(A— O)] L [(A— B)| B,(A— ()]
[C|((A—=B)—= (A= 0))] HB«AHB%NA%@H
KBﬁmHM%m (A= 0))]
@1((B—C)— AﬁB)(A%@m

—f

—f

—t

Proposition 5 The formula ((AA B) — A) is a tautology.

The problem is equivalent to proving the following sequent:
0] ((AAB) — A)]
Derivation of [} | ((AA B) = A)]:

axiom for A

(A, B[ 4]
[(AAB) | A]
0] ((AAB) = A)]

Proposition 6 The formula (AN B) — B) is a tautology.

The problem is equivalent to proving the following sequent:
@] ((AAB)— B)]

Derivation of [0 | ((AA B) — B)]:
axiom for B
(4, B | B]

[(AnB) | Bl
@] ((AAB) = B)]

|
Proposition 7 The formula (A — B) = (A —= C) = (A —= (BAC(Q)))) is a tautology.

Ag
—t




The problem is equivalent to proving the following sequent:
0] (A= B)=(A—=C)= (A= (BAQC))))]
Derivation of [ | (A— B) = (A= C) = (A= (BAQ))))]:

axiom for C axiom for B

[A,B,C|C] [AB,C|B

¢ axiom for A axiom for A axiom for A
[A,B,C | (BAC) . [A,B| A, (BAC) L [A,C | A,(BAC)] . [A| A, (BAC)) .
[B,C | (A— (BAQ))] [B| A, (A— (BAQ))] . [C|A (A= (BAC)) 0] A (A= (BACQC)) o
[B,(A—=C)|(A—= (BAC))] N [(A—=C)| A (A— (BAO))] .
[B|(A—=C) = (A= (BAC)))] P1A (A= C) = (A= (BAO))
(A= B)[(A=C) = (A= (BAC)))]
@1((A—B)—=(A—C)—= (A= (BAC))))]
Proposition 8 The formula (A — (AV B)) is a tautology.
The problem is equivalent to proving the following sequent:
0] (A= (AVB))

Derivation of [} | (A = (AV B))]:

axiom for A

[A] A, B
[A[(AvB)] "
0] (A— (AvB))]
Proposition 9 The formula (B — (AV B)) is a tautology.
The problem is equivalent to proving the following sequent:
@] (B— (AVB))]

Derivation of [ | (B — (AV B))]:

axiom for B

(B | A, B]
Bl(avB)
0] (B—(AVB))]
Proposition 10 The formula (B = A) — (C = A) = ((BV C) = A))) is a tautology.
The problem is equivalent to proving the following sequent:
01((B—A4)—=(C—A4) = (BVC)—=A))
Derivation of [ | (B — A) = ((C — A) — ((BV C) — A))]:
axiom for C  axiom for B
axiom for A axiom for A axiom for A [€14,8,C] [B|4,BC]
[A,(BVCO) | 4] . [A,(BVC)| A C] . [A,(BV ()| A, B] . [(Bv(C)|AB,C)|
A (BVC) = A)]  [A[C.((BVC)— A) %i [A|B,(BVC) > A4)] * 0] B,C,(BVC) — A)] .
[A,(C = A) | (BVC) — A)] N [(C— A)|B,((BVC)— A)]
[A[((C—=A) = (BVC) = A)) [0]B,((C—=A) = (BVC)—A)

—f

[(B—A)|(C—=A) = ((BVC) = A)
D]((B—=A4) = (C—A4)=((BVC)—=A))

—t

3



Proposition 11 The formula ((A + B) = (A — B)) is a tautology.
The problem is equivalent to proving the following sequent:

0] (A« B) = (A— B))]
Derivation of [} | (A <> B) = (A — B))]:

axiom for B axiom for A
AB|B _ [A|AB
t

AB[(A>B)]  B[ABMA=DB]
(A< B)[ (A= B)]
0] ((A e B) = (A= B))

Proposition 12 The formula ((A + B) — (B — A)) is a tautology.

The problem is equivalent to proving the following sequent:
0] (A« B) = (B — A))]
Derivation of [} | (A <> B) = (B — A))]:

axiom for A axiom for B
[A, B | A [B | A, B]
—t —t
[A,B | (B — A)] 0] A B, (B— A)

f
(A« B)[(B—=A)

0] (A< B) = (B— A))
Proposition 13 The formula (A — B) = ((B — A) = (A < B))) is a tautology.

t

The problem is equivalent to proving the following sequent:
0] (A= B)—=((B—A)—= (A« B)))
Derivation of [@ | (A — B) — (B — A) — (A + B)))]:

axiom for A axiom for B axiom for A axiom for B
axiom for B [4,B | 4] (B |4 B — axiom for A (A, B | A] [B |4, B] N
[A,B,(B— A)| B [B, (B — A) | 4] . [A,(B— A) | A, B] [B,(B— A) | A o
[B,(B— A) | (A+ B) N [(B— A)| A, (A« B)]
[B|((B—A) = (A B)) 0]A(B—A) = (A< B))

—f

(A= B)|(B—=A4) =~ (A« B))
0] (A= B) = ((B—A) = (A< B)))

Proposition 14 The formula ((A — B) — (=B — —A)) is a tautology.
The problem is equivalent to proving the following sequent:

0] (A= B) = (=B = ~4))]
Derivation of [ | (A — B) — (=B — —A))]:

axiom for B

M g axiom for A
[A,B,~B | 0 [A,—B | A]
—_—— Tt _—
BopI-A] “, FBlA-A]
[B| (=B — —A)] 0]A (-B—-A)] o

(A= B) | (=B > ~A)]
01 (A= B) > (-B > ~A))

—t



Proposition 15 The formula (A — —A) = —A) is a tautology.

The problem is equivalent to proving the following sequent:
0] ((A—=-A4) = -4)]
Derivation of [ | (A — —A) — —A)]:

axiom for A

M -y axiom for A
[A,-A | 0] [A | A]

[A, (A — —A)| 0]
(A= —A) | -A]
D] ((A—=—4) = -A4)]

!

—t

Proposition 16 The formula (A — ——A) is a tautology.

The problem is equivalent to proving the following sequent:
0] (A= ——A)]

Derivation of [ | (A — ——A)]:
axiom for A

[A] 4]
[A,-A] 0]
(A~

0] (4> —A)

-

t

Proposition 17 The formula (——A — A) is a tautology.

The problem is equivalent to proving the following sequent:

@] (=~A — A)]

Derivation of [ | (——A — A)]:
axiom for A
[A]A]

@144
~-A14]
@] (~=4 — A)

t

f

2 Classical tautologies not intuitionistically valid
Proposition 18 The formula (AV —A) is a tautology.
The problem is equivalent to proving the following sequent:

0] (AV-A)]

Derivation of [ | (AV —A)]:
axiom for A

Al
0A-4 ",
0T (Av-4)



Proposition 19 The formula (—AV =—A) is a tautology.

The problem is equivalent to proving the following sequent:
@] (~AV--4)]
Derivation of [} | (mAV ——A)]:

axiom for A

[A] 4]
[A,-A] 0]
[A] A4

0] -4, A
0] (~AV )]

Proposition 20 The formula (A — B) V (B — A)) is a tautology.

f
Tt

-

t

The problem is equivalent to proving the following sequent:
@] ((A—B)Vv(B— A))
Derivation of [0 | (A — B)V (B — A))]:

axiom for A
[A,B| A, B]
[A| B, (B — A)]
[0](A—B),(B—A)
[0]((A—=B)Vv(B—A))

t

t

Proposition 21 The formula (((A — B) — A) — A) is a tautology.
The problem is equivalent to proving the following sequent:

0] (((A—= B) = A) = A)]
Derivation of [ | (A — B) — A) — A)]:

axiom for A

axiom for A __AJAB] —
[Al4]  [P1AA=B)] |
(A= B) = A) | A]

D1 (((A—=B) = A) = A)

—t

3 Some popular consequences

Proposition 22 The following consequence holds:
A (A—B)-B
The problem is equivalent to proving the following sequent:
A,(A— B)| B]
Derivation of [4, (A — B) | B]:

axiom for B axiom for A

[A,B|B] [A|A B]
[4,(A— B)| B




Proposition 23 The following consequence holds:
(A— B),~BF-A
The problem is equivalent to proving the following sequent:
[-B, (A~ B) | ~4]

Derivation of [-B, (A — B) | -A]:
axiom for B axiom for A

[A.B|B] [A|A B
[4. (A= B)| B]
[A,-B,(A= B) 0]
[-B.,(A—B)|-4]

Proposition 24 The following consequence holds:
(A= B),(B=C)F(A—=(C)
The problem is equivalent to proving the following sequent:
[((A—=B),(B—C)| (A= ()]
Derivation of [(A — B),(B — C) | (A — C)]:

axiom for C' axiom for B
[4,B,C|C] [AB]|BC] axiom for A
ABB=OC " AB-CIAC
[B,(B—=C)|(A— (O] [(B—=C)| A (A— Q) L
[(A— B),(B—=C)|(A— (O]

Proposition 25 The following consequence holds:
(AvB),-AFB
The problem is equivalent to proving the following sequent:
[-A,(AV B) | B
Derivation of [-A, (AV B) | BJ:

axiom for B axiom for A
[B|A,B] [A]A,B]

[(AVB)| A, Bj
[-A,(AV B) | Bl

Proposition 26 The following consequence holds:
(=CV-D),(A—C),(B— D)k (=AV-B)
The problem is equivalent to proving the following sequent:

[(A — C), (B — D), (ﬁC\/ ﬁD) ‘ (ﬁA V ﬁB)]



Derivation of [(A — C),(B — D), (=C' VvV =D) | (mAV =B)]:

axiom for D axiom for C
[A7B7C7D|D] [A7B7C7D|O]

f f
[Avachv_‘D|®] [AaBachv_‘C‘@] ¢ axiomforB
[A,B,C,D,(~CV —D) | ] [A,B,C,(-C Vv -D) | B] :
-t —¢ axiom for A
[A,C.D,(~CV —-D) | ~B] [A,C.(~CV -D)| B, B [A, D, (~C'V ~D) | A, ~B]
[C,D,(~CV-D)|[-A4,-B] [C,(=C'V =D) | B,-A, —B] tv [D,(-CV-D)|A,-A,-B] °
t t t

[C,D,(=CV =D) | (~AV ~B)] [C,(=CV-D)|B,(zAV-B)] = [D,(=CV~-D)[A, (-AV-B)]
[C.(B = D),(=CV—=D) | (~AV —-B)] ! (B = D),(=C v -D)
(A= C),(B— D),(=CV=D)| (=AV —B)]

Proposition 27 The following consequence holds:
(AVB),(A—=C),(B—D)F(CVD)

The problem is equivalent to proving the following sequent:
[(A—C),(B— D),(AvB)|(CV D)

Derivation of [(A — C),(B — D), (AV B) | (C'V D)]:

axiom for C' axiom for C' axiom for C' axiom for D
[B,C,D | C, D] [A,C,D | C,D] om f [A,C| B,C, D] [B,D| A,C, D]
Vi Vi axiom for B Vi ¢ a
[B,C,D|(CV D) [4,C,D | (CV D) [B,C|B,(CVvD)] [AC]|B,(CVD) [B,D| A, (CV D) (A, 1
[C,D,(AV B) [ (CV D)] ' C.(AvB)[B.(CvD)] _ — f [D,(AVB)[ A, (C
£

[C,(B— D),(Av B)|(CvV D)

[(A—=C),(B— D), (AV B)|(CV D)
Proposition 28 The following consequence holds:
(A= (B—-C)F((AAB)—C)
The problem is equivalent to proving the following sequent:
(A= (B—=C))[((ArB) = CO)]

Derivation of [(A — (B — C)) | ((AAB) — O)]:

axiom for B

axiom for C' M axiom for A
C.(AAB)|C] (AAB)| B,C] " [A,B| A,C]
CT(ArB)=»C)] "~ OIB(AAB) —O) _°  [AAB)[4AC] "
(B=C)[(AnB) = O) " PIA(AAB S O)
(A= (B—=C)[((AAB) = O)] '

Proposition 29 The following consequence holds:
(AANB) - C)F (A= (B—())
The problem is equivalent to proving the following sequent:

[((AAB) = C) [ (A= (B—=0))]



Derivation of [((AAB) = C) | (A — (B—= C))]:
axiom for B axiom for A
axiom for C (A, B|B,C] [A4B]A4C]
[A,B,C | C] [A,B| C,(AAB) N
[A,B,((AAB) = C) | C]
[A,((AAB) = C) | (B— (O]
[((AAB) = C) | (A= (B = ()

t

4 Some popular equivalences

Proposition 30 The formulas (BV C) A A) and ((BAA)V (C A A)) are equivalent.
The problem is equivalent to proving the following sequents:

[(BVC)NA)[((BAA)V(CAA)
[(BAA)V(CAA)[((BVC)AA)

Derivation of [((BVC)ANA) | (BAA)V (C A A))):
axiom for A axiom for C
axiom for A [4,C14,B] [AC|B,C]
[A,C | A, (C A A) [A,C | B,(CAA)]

[A,C| (BANA),(CAA) ]

[A,C| (BANA)V(CAA)) [A,B| ((BANA)V(CAA)) ¥

[A,(BVC) [ (BAA)V(CAA))
[(BVC)NA) [ (BAA)V(CAA))

A)

J

axiom for A axiom for B
[A,B| A, (CNA)] [AB|B,(CAA)

[A,B| (BAA),(CAA)

t

t t

t

f

Derivation of [((BAA)V (CAA)) | (BVC)A

axiom for C axiom for B

axiom for A axiom for A [A4,C | B,C] [A,B| B, C]
[4,C | A] (A, B | A] (CAAY | B0l [(BAA)B,C] ' F
[(CAA) A" [(BAA) A" [(BAA)V(CAA)|B,C] '

f t

[(BAA)V(CAA)[A] [(BAA)V(CAA) | (BVO)
[(BAA)V(CAA)[((BVC)AA)

Proposition 31 The formulas (AA (BV C)) and (AN B)V (AAC)) are equivalent.

The problem is equivalent to proving the following sequents:

[(AN(BVC)[((ANB)V(ANC))
[((AAB)V(ANC)) [(AN(BVO))]

Derivation of [(AA (BVC)) | ((AAB)V (AAQ))):
axiom for C  axiom for A
[A,C | B,C] [A,C| A, B]

[A,C | B,(ANC)]
[A,C | (AN B),(ANC)]
[A,C| (AANB)V (AANQ))]
[A,(BVC) |
(AN (BV())

axiom for A axiom for B axiom for A

[A.C|A(ANO)  [AB|B.(ANC)] [AB|A(AAO)
¢ [A,B| (AAB),(ANC)] "

[A,B| ((AAB)V(AAC))] v

((AANB)V (AANC))]

| (AAB) vV (ANO))]

t

t

t
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Derivation of [((AAB)V(AANC)) | (AAN(BVQ)):

axiom for C axiom for B

[4,.C] B.C] [4,B| B,C] axiom for A axiom for A
(AAC)[B,C] " [(AAB)|B,C] " [A,C|A4 [A, B | A]
(AnB)VANO)[B.C] " [(AAC) A " [(ArB)[4]
[(AAB)vV(AAC)[(BVC) [((AAB)V(AANC)) | A] A '
[((AAB)V(AANC)) [ (AN(BVC))]
Proposition 32 The formulas (B AC)V A) and ((BV A) A (CV A)) are equivalent.

The problem is equivalent to proving the following sequents:

[(BAC)VA)[((BVA)A(CVA)
[(BVA)A(CVA)[(BAC)V A)

Derivation of [((BAC)V A) | (BV A) A (CV A))):

axiom for C axiom for B
axiom for A [B.C14,C] Ag axiom for A [B,C| A B]
[A[AC] [(BAC)|AC] [A]A,B]  [(BAC)]|A, B
[(BAC)VA)[A,C] ! [(BAC)VA)[A, B
(BAC)VA)[(CvaA] " [(BAC)VA)|(BVA)
[(BAC)VA)|((BVA)A(CVA))]

f

f

t

t

Derivation of [((BV A)A(CV A)) | (BAC)V A):

axiom for C axiom for B

. . . [B,C | A,C] [B,C|A,B]
axiom for A axiom for A axiom for A
A[A(BAC) | [ACIABAC) — [ABIABAC) |, [BCIA(BAC)

AT(BAC)VA)] " [ACT((BAC)VA)] * [AB[(BACO)VA] °  [B.CI(BAC)VA)
A, (CVA) [(BAC)V A ' [B.(CVA[(BAC) VA '
[(BVA),(CVA)|(BAC)VA)]
(BVA)A(CVA)[(BAC)VA)

t

f

f

Proposition 33 The formulas (AV (B AC)) and ((AV B) A (AV C)) are equivalent.

The problem is equivalent to proving the following sequents:

[(AV(BAC)) [((AVB)A(AVC))
[((AVB)A(AVC))[(AV(BAC))

Derivation of [(AV (BAC)) | (AVB)A(AVQ))):

axiom for C axiom for B
[B,C 1 4,C] axiom for A [B,C |4, B axiom for A
(BAC)|AC] " [A]AC] (BAC)| A, Bl " [A| A DB
(AvBArO) [ AC]  f [(AV(BAC)) | A B
[(Av(BAC)[(AvO) " [(AV(BAC) | (AVB)]
[(AV(BAC)) [ ((AVB)A(AVO))]

Vr

t

10



Derivation of [((AVB)A(AV(C)) | (AV (BAQC)):

axiom for C'  axiom for B
[B,C|AC] [B,C|A B axiom for A axiom for A axiom for A
[B,C | A,(BAC) [A,B| A, (BAC) [A,C | A, (BAC)] [A| A, (BAC)
[B,C | (AV(BAC)) [AB[(AV(BAC)] [ [AC[(AV(BAC)] " [A[(AV(BAC))
[B,(AVC)|(AV(BAQ)) [A,(AVC) | (AV (BAC))
[(AVB),(AVC)|(AV (BACQ))
| (A

|
[((AVB)A(AVO)) | (AV(BAC))

t

t t

f f

Ve

f

5 Interdefinability of connectives
Proposition 34 The equality (A — B) = (A V B) holds.

The problem is equivalent to proving the following sequents:

(A= B)|(~AV B)]
[(=AV B) | (A= B)]

Derivation of [(A — B) | (A V B)]:

axiom for A

axiom for B M —¢
[B|B7ﬁA] V [®|A7B7ﬁA]
[BI(-AVB)] ° [0] A, (-AVB)] *

(A= B)|(~AV B)]

Derivation of [(-wAV B) | (A — B)]:

axiom for A

axiom for B M -
(A (cAVB)[B] "

[(=AV B) [ (A= B)]

Proposition 35 The equality (A — B) = —(A A =B) holds.
The problem is equivalent to proving the following sequents:

(A= B) | ~(AA=B)]
[~(AA=B) | (A— B)]

Derivation of [(A — B) | =(A A =B)]:
axiom for B axiom for A
[A,B|B] [A|ADB]
[A,(A— B) | B
A B, (A= B) 0] "
[(AA=B),(A=B) ] "
[(A— B)[~(AA-DB)]

11



Derivation of [-(AA -B) | (A — B)]:

axiom for B

M ‘ axiom for A
[B | (A — B)] - [A| A, B]
0| -B,(A— B)] [0] A, (A— B)

[0 (AN=B),(A~ B)] ‘

FAA-B)[(A>B)] "
Proposition 36 The equality (AV B) = ((A — B) — B) holds.

The problem is equivalent to proving the following sequents:

[(AvB) | ((A— B) = B)]
(A= B) = B)|(AV B)]

Derivation of [(AV B) | (A — B) — B)]:

axiom for B axiom for A

axiom for B [B| A, B [A| A, B]
B.(AVB)| B [(AVB)|AB]
[((A— B),(AV B) | B]
[(AvB)|((A— B)— B)]

Derivation of [((A — B) — B) | (AV B)]:

axiom for A

axiom for B M
[B | A, B] [A| B,(AV B)]

[B](AvB)] " 0] (A~ B),(AVB)]
[(A— B) = B) | (AV B)]

Proposition 37 The equality (AV B) = =(=A A =B) holds.

t

The problem is equivalent to proving the following sequents:

[(AV B) [ 2(=AA=B)]
[~(=AA=B) [ (AV B)]

Derivation of [(AV B) | =(-=A A =B)]:

axiom for B axiom for A
[B|A,B] [A]AB]

[((AV B)| A, B]
B (AVE) 4] "
[-A,-B,(AV B) | 0
[(ﬁA/\ ﬁB)7 (A V B) | @]
[(AV B) | ~(=AA-B)]

f

-

Derivation of [-(mAA=B) | (AV B)]:

axiom for B axiom for A
[B| A, B] [A] A, B
[BI(AvB)] " [A[(AvB)] "

0] -B,(AVB)] © [0|-A, (AV B)]
0] (~AA—B),(AV B)]
[~(~AA—B) [ (AV B)]

Ay

f

12



Proposition 38 The equality (AN B) = ~(A — —B) holds.
The problem is equivalent to proving the following sequents:

[((AAB)[~(A—==B)]
[=(A = =B) [ (AN B)]

Derivation of [(AA B) | =(A — —B)]:

axiom for B

M — axiom for A
[A,B,~B | (] [A, B | A

[A.B,(A=-B) 0]
[(ANB), (A= -B)[0] "
[((AAB) | =(A— —B)]

Derivation of [-(A — =B) | (A A B)]:

axiom for B

4, B| B] —¢ axiom for A
[A‘B7ﬁB] N [A|A7ﬁB] N
t

0[B.(A~-B)] " W[A(A~>-B)
0 (ANB). (A~ -B)]
(4= =B) [ (AN D)

t

—

Proposition 39 The equality (AV B) = =(=A A =B) holds.
The problem is equivalent to proving the following sequents:

[(AV B) [ 2(=AA=B)]
[~(=AA=B)[(AV B)]

Derivation of [(AV B) | ~(=A A —-B)]:

axiom for B axiom for A

[B]|A Bl [A|AB]

[((AVv B) | A, B] .
[-B,(AV B) | 4] _

[~A,-B,(AV B) | 0]
[(FAA=B),(AV B) | 0]
[(AV B) [ ~(~ANA-DB)]

f

f

-

Derivation of [-(-=AA-B) | (AV B)]:

axiom for B axiom for A
[B | A, B] [A] A, B]
Bl (AvB)] " [A[(AvB)] "

0] -B,(AVB)] * [0|-A, (AVB)]
0] (~AA-B),(AV B)]
[~(-AA-B) [ (AV B)]

N¢

f
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6 Metaconsequences
Proposition 40 The following meta-consequence holds:

PQFR |/ P+H(Q—R)
The problem is equivalent to proving the following sequents:

[P]Q,(Q— R)
[P.R[(Q— R)

Derivation of [P | @, (Q — R)]:
axiom for @

P,Q[Q R
[P|Q,(Q— R)

Derivation of [P, R | (Q — R)]:
axiom for R

[P,Q,R| R]
[P, R|(Q— R)]

Proposition 41 The following meta-consequence holds:
(PNQ)FR | PH(Q—R)
The problem is equivalent to proving the following sequents:

[P, R|(Q— R)]
[P (PAQ),(Q— R)

Derivation of [P, R | (Q — R)]:
axiom for R
[P,Q,R | R

[P, R|(Q— R)]
Derivation of [P | (P AQ),(Q — R)]:

axiom for )

[P,Q|Q,R] . axiom for P
[P|Q,(Q— R) [PIP(@Q— R)]
[P (PAQ),(Q— R)]

t

7 Program listing: ex_classical.pl

% Test file to check things in classical logic

% make sure MUltseq <s loaded
:- ensure_loaded(’../multseq/multseq’).

% load sample properties
:~ [properties].

% load the rules
:- load_logic(’classical.msq’).

% define standard Omap
:- setOmap ([(neg)/(-),imp/(>) ,and/(/\),or/(\/) ,equiv/(=)1).
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% check all properties and write report to out.tez

:- set_option(tex_output(verbose)).

:- set_option(tex_sequents(multidimensional)).

:- set_option(tex_rulenames(on)).

:- start_logging(ex_classical,’.tex’).

;- print_tex(tex_title("Report, on,ClassicalLogic")).

;- print_tex(tex_logic).

;- print_tex(tex_paragraph(["Weyverify, thatyall classicalylogicysatisfies

uuuuuusome well -knownproperties,(involving only_ $\\1land$, $\\lor$,

vuuuuu$\\to$, u$\\neg$ , and $\\leftrightarrow$) . We output proofs,in

uuuuy f ‘multidimensional’’format, whichyfor,classical logic meansjust

vuuuuutwoysides  toyaysequent,

uuuuuuasyusual."]) ).

:- print_tex(tex_section(["Bernays’syaxiomsfor classicallogic"])).

:- (member (X, [bernaysil,bernays2,bernays3,bernays4,bernays5,bernays6,bernays7 ,bernays8,
bernays9 ,bernays10,bernaysll ,bernaysl12,bernaysl13,bernaysi4,bernaysl5,bernaysl6,bernaysl?
1), chkProp(X), fail; true).

:— print_tex(tex_section(["Classical,tautologiesynot,intuitionistically,valid"])).

:— (member (X, [lem,weaklem,prelinearity,peircel]), chkProp(X), fail; true).

:- print_tex(tex_section(["Some,popular ,consequences"])).

:- (member (X, [modusponens ,modustollens ,hyposyllogism,disjsyllogism,destrdilemnma,
constrdilemma , importation,exportation]), chkProp(X), fail; true).

:- print_tex(tex_section(["Some,popular equivalences"])).

:— (member (X, [1ldistrright ,ldistrleft]), chkProp(X), fail; true).

/4 Here we switch and and or

:- (member (X,[ldistrright ,ldistrleft]), chkProp([or/(/\),and/(\/)],X), fail; true).

:- print_tex(tex_section(["Interdefinability_ of ,connectives"])).

:~ (member (X, [defimpor ,defimpand ,deforimp,deforand,defandimp,deforand]), chkProp(X), fail;
true) .

:- print_tex(tex_section(["Metaconsequences"])).
:~ (member (X, [deductionthm,residuation]), chkProp(X), fail; true).
:— print_tex(tex_listing("ex_classical.pl")).

:- stop_logging.
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