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Parity reasoning and unsatisfiability proofs

CDCL-style SAT solvers

unsatisfiability parity
proofs reasoning

SAT solvers’ architecture is complex, and bugs are hard to detect.
= false positives partial interpretations as witnesses
® false negatives unsatisfiability proofs are required

Unless P = coNP, validating unsatisfiability results is intractable.

Resolution asymmetric tautologies provide proofs for most techniques.



Parity reasoning and unsatisfiability proofs

CDCL-style SAT solvers

unsatisfiability parity
proofs reasoning

CDCL is not polynomially bound in the presence of encoded parity constraints.
Parity constraints occur naturally in cryptography.

Polynomial procedures for parity reasoning can be integrated in SAT solvers.



Parity reasoning and unsatisfiability proofs

CDCL-style SAT solvers

unsatisfiability parity
proofs reasoning

Problem generating unsatisfiability proofs for parity reasoning techniques

Parity reasoning is currently disabled when unsatisfiability proofs are required.
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Unsatisfiability proofs in SAT Solving



SAT Solving

SAT problem deciding whether a given CNF formula is satisfiable

Example
F={or(=p,), or(p,,ps) , or(=p,, =p3, —p,) , or(p,, ps) , or(=ps, ps: —ps)
or(=ps, pe) » or(p,, ps) » or(p,, —ps, —pe) }
Is F satisfiable?

CDCL-style SAT solving
® try to construct a satisfying interpretation
® learn clauses from conflicts to redirect the search
= satisfiable if a satisfying interpretation is found
® unsatisfiable if the empty clause or( ) is learned

Problem how to generate an unsatisfiability proof?
Solution record the sequence of learned clauses

Theorem
Learned clauses are linear resolvents



Asymmetric tautologies

How to check if a clause Cis a linear resolvent in a CNF formula F?

Definition: unit resolventin F

CvDvlI cvl e€F
cvD

unit

Definition: asymmetric tautology in F

taut

A, C, €F
A, C, €F

unit
unit
unit

unit

Proposition
= Asymmetric tautologies can be checked efficiently.

® Linear resolvents (in particular, learned clauses) are asymmetric
tautologies.

® Subsumed clauses are asymmetric tautologies.



Resolution asymmetric tautologies

Cis aresolution asymmetric tautology in F upon / if, for every resolvent of C
with a clause D € F upon J, their resolvent C ® D is an asymmetric tautology in F.

Definition: Rat proof system
F = poe G if:
" GCF
® G = F U {C} for some asymmetric tautology Cin F
® G = FU {C} for some resolution asymmetric tautology Cin F
A Rat-derivation of G from F is a chain of Rat inferences:
F=F, =pat Fi rat F; Spat *** >rat Foo1 Spar Fa =G

Theorem
If G is Rat-derivable from F and unsatisfiable, then F is unsatisfiable as well.



Parity reasoning



Parity constraints

Parity constraints even/odd number of satisfied variables

XY,z parity constraints expressions of the form par(p,, ...,p,, T?)
A B affine formulae finite sets of parity constraints

IET
| = X iff [satisfies an even number of elements in X
I'E= A iff I = Xforall parity constraints X € A

Example
X = par(p,,p,.P3)
Y = par(p,,p,, T)
Iep, I1EP, IW¥Ps IEP,

I'= par(p,,p,. ps) I ¥ par(p,,p,, T)

Direct encoding of a parity constraint
smallest CNF formula D(X) semantically equivalent to X
exponentially-sized on | X|



Parity constraints

Parity constraints even/odd number of satisfied variables
may be regarded as congruences modulo 2

XY,z parity constraints expressions of the form par(p,, ...,p,, T?)
A B affine formulae finite sets of parity constraints
IET

| = X iff [satisfies an even number of elements in X
I'E= A iff I = Xforall parity constraints X € A
Example
X = par(p,,p,.P3) Pi + P, +Pp; ~ 0
Y = par(p,,p,, T) P, +p, =1
Iep, I1EP, IW¥Ps IEP,

I'= par(p,,p,. ps) I ¥ par(p,,p,, T)

Direct encoding of a parity constraint
smallest CNF formula D(X) semantically equivalent to X
exponentially-sized on | X|
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Different methods to integrate parity reasoning in SAT solvers:
® Dependent variable elimination

® Equivalence reasoning

® Gauss-Jordan elimination

® Parity constraint cutting

® Parity reasoning-based clause learning
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Parity reasoning for SAT solving

Different methods to integrate parity reasoning in SAT solvers:
® Dependent variable elimination

® Equivalence reasoning

® Gauss-Jordan elimination

® Parity constraint cutting

® Parity reasoning-based clause learning

Application to SAT solving  simplify detected encodings of parity constraints

A—2 D) € FUD@A) = F

B—2 D(B) < F uD(B)



Proof translations



Unsatisfiability proofs for parity reasoning

AI#}D(A) € FuDA) = F

B I#} D(B) € F uD(B)

Problem generate unsatisfiability proofs for Gauss-Jordan elimination
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Unsatisfiability proofs for parity reasoning

AI#}D(A) € FuDA) = F

B I#} D(B) € F uD(B)

Problem generate unsatisfiability proofs for Gauss-Jordan elimination
finding a Rat-derivation of F' U D(B) from F' U D(A)

Idea translate Gauss-Jordan elimination steps into Rat-derivations
= formalize Gauss-Jordan elimination within a proof system
® translate derivations through the direct encoding
= append the rest of the original CNF formula in every step



Unsatisfiability proofs for parity reasoning

D
A———+D(A) € FuD(A) = F
XOR-derivation ?

B I#} D(B) € F uD(B)

Problem generate unsatisfiability proofs for Gauss-Jordan elimination
finding a Rat-derivation of F' U D(B) from F' U D(A)
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Unsatisfiability proofs for parity reasoning

AI#}D(A) € FuDA) = F

?

B I#} D(B) € F uD(B)

Problem generate unsatisfiability proofs for Gauss-Jordan elimination
finding a Rat-derivation of F' U D(B) from F' U D(A)

Idea translate Gauss-Jordan elimination steps into Rat-derivations
= formalize Gauss-Jordan elimination within a proof system
® translate derivations through the direct encoding
= append the rest of the original CNF formula in every step



Unsatisfiability proofs for parity reasoning

A—"—+D(A) € FuD@A) = F
\/
BI#}D(B) € F uD(B)

Problem generate unsatisfiability proofs for Gauss-Jordan elimination
finding a Rat-derivation of F' U D(B) from F' U D(A)

Idea translate Gauss-Jordan elimination steps into Rat-derivations
= formalize Gauss-Jordan elimination within a proof system
® translate derivations through the direct encoding
® append the rest of the original CNF formula in every step
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Direct translations

Assume an EXor-derivation of A, from A,
D
AO ? D(AO) Goal
EXor translation through the direct encoding

D ® translate single EXor inferences
A ——— D(A)

EXor

EXor

An—1 |L> D(An—1)

EXor

An 'L} D(An)



Direct translations

Assume an EXor-derivation of A, from A,
D
Ay ———> D(A,) Goal
EXor % translation through the direct encoding

D ® translate single EXor inferences
A ——— D(A)

EXor %
EXor %

An—1 |L> D(An—1)

EXor %

An 'L} D(An)




Direct translations

Assume an EXor-derivation of A, from A,
D
Ay ———> D(A,) Goal
EXor % translation through the direct encoding

® translate single EXor inferences
D(A,) ® concatenate translations

A1 % D(A1)

EXor %

EXor %
D(A
An—1 |L> D(An—1) ( n)

EXor %

An 'L} D(An)




Direct translations

Assume an EXor-derivation of A, from A,

D
AO ? D(AO) Goal
EXor % translation through the direct encoding
A D D(A,) = translate single EXor inferences
! ! D(A,) ® concatenate translations
EXor
% Parity constraint deletion
. . deleting clauses in the direct encoding
EXor % XOR definition introduction
D D(A,) clauses in the direct encoding of a XOR
Anr D(A,) definition are resolution asymmetric
EXor % tautologies
A, % D(A,) Parity constraint addition

explained next
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Parity constraint addition inference A =, AU{X® Y} when X,Y €A

Goal derive every clause in D(X @ Y) from clauses in D({X, Y})
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Translating parity constraint addition inferences

Parity constraint addition inference A =, AU{X® Y} when X,Y €A
Goal derive every clause in D(X @ Y) from clauses in D({X, Y})

X = par(p,,p3. P4 Ps)
Y =par(p;, P, P4 Ps, T)
X®Y =par(p,p,: T)

Consider the clause or(p,,p,) € D(X D Y).

or(py,py.P3.Ps)  or(py. Py, P3.Ps) or(py.py:P3.Ps)  or(py. Py P3.Py)
® ®

@

or(p;. p,. p3) or(p;.p,.p3)
®

or(p,,p,)



Translating parity constraint addition inferences

Parity constraint addition inference A =, AU{X® Y} when X,Y €A
Goal derive every clause in D(X @ Y) from clauses in D({X, Y})

X = par(p,,p3. P4 Ps)
Y =par(p;, P, P4 Ps, T)
X®Y =par(p,p,: T)

Consider the clause or(p,,p,) € D(X D Y).

or(py,pyP3.Ps)  or(py. Py, P3.P,) or(py,p,,P3,Ps)  or(py.pPy, P35, Py)
® ®

@

or(p;. p,. p3) or(p;.p,.p3)
®

or(p,,p,)



Translating parity constraint addition inferences

Parity constraint addition inference A =, AU{X® Y} when X,Y €A
Goal derive every clause in D(X @ Y) from clauses in D({X, Y})

X = par(p,,p3. P4 Ps)
Y =par(p;, P, P4 Ps, T)
X®Y =par(p,p,: T)

Consider the clause or(p,,p,) € D(X D Y).

or(p1vp2vp3vp4) or(p1vp21p3vp_4) or(p1‘p2’p_3’p4) Or(p1’p2’p_3’p_4)
® ®

@

or(p;. p,. p3) or(p;.p,.p3)
®

or(p;.p,)
Proposition Top-level clauses are asymmetric tautologies in D({X, Y})



Translating parity constraint addition inferences

Parity constraint addition inference A =, AU{X® Y} when X,Y €A
Goal derive every clause in D(X @ Y) from clauses in D({X, Y})

X = par(p,,p3. P4 Ps)
Y =par(p;, P, P4 Ps, T)
X®Y =par(p,p,: T)

Consider the clause or(p,,p,) € D(X D Y).

or(py,pyP3.Ps)  or(py. Py, P3.P,) or(py,p,,P3,Ps)  or(py.pPy, P35, Py)
® ®

@

or(p;. p,. p3) or(p;.p,.p3)
®
or(p;.p,)

Problem
® Deriving clause E requires exponentially many clauses in |X| 4 [Y].
= An exponential number of clauses E € D(X @ Y) must be derived.

Solution bound the size of parity constraints involved in additions
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Linear translations

Idea refine the Xor-derivation into another one containing bounded-size
parity constraints

D(A)
A
S(A) D(S(A))
S(B) D(S(A))
B

D(B)



Linear translations

Idea refine the Xor-derivation into another one containing bounded-size
parity constraints

A
S(A) D(S(A))
S(B) D(S(A))
B

Y

Y



Linear translations

Idea refine the Xor-derivation into another one containing bounded-size
parity constraints

A D(A)

v

v

Y
Y

A
S(A) D(S(A))
S(B) D(S(A))
B



Linear translations

Idea refine the Xor-derivation into another one containing bounded-size
parity constraints

A D(A)

Al N b
S(A) D(S(A))
S(B) D(S(A))

B 8

D(B)



Linear translations

Idea refine the Xor-derivation into another one containing bounded-size
parity constraints

A D(A)
Al s o > D(A)
S(A) D(S(A))
S(B) D(S(A))
Bl > D(B)

D(B)



Direct vs. linear translations

Theorem
Direct translations of Xor-derivations are exponential in |F|.

Theorem
Linear translations of Xor-derivations are polynomial in |F|.

In practice, direct translations are shorter

30 _
5 1 . than linear translations whenever all
& 107 4 congruence additions are performed over
g" 1010 . short parity constraints.
S -
OO Length approximations are provided so
B o I that the most beneficial approach can be

0 20 40 60 80 100 120 chosen beforehand.

maximum w-measure wt(p)



Further contributions



A framework for proof systems

A generalized framework for proof systems was introduced.

= Different consequence notions are allowed:
F = Giff for every interpretation /, if | = Fthen/ = G.
F =, Giff, whenever F is satisfiable, G is satisfiable as well.

® This allows to model non-classical proof systems, including Rat or EXor:

{or(p,)} K {or(—p,)}
But {or(—p,) } is Rat-derivable from {or(p,) } !

{or(p1)} pat D = pat {or(_'pz)}

= Criteria to guarantee correctness of derivation composition are provided.

AI#)D(A) C FFUDA) = F

:

B I#} D(B) € F uD(B)



A framework for proof systems

A generalized framework for proof systems was introduced.

= Different consequence notions are allowed:
F = Giff for every interpretation /, if | = Fthen/ = G.
F =, Giff, whenever F is satisfiable, G is satisfiable as well.

® This allows to model non-classical proof systems, including Rat or EXor:

{or(p,)} K {or(—p,)}
But {or(—p,) } is Rat-derivable from {or(p,) } !

{0r(p1)} = kot D St {0r(=p,)}
= Criteria to guarantee correctness of derivation composition are provided.
A—2 D) ¢ FFUDA) = F
Flue %

B I#} D(B) € F uD(B)



Generalized conflict analysis

An unsatisfiability proof generation schema for generalized conflict analysis
and clause learning was developed.

Theorem
If all reason clauses are in F, then learned clauses are linear resolvents in F.
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Generalized conflict analysis

An unsatisfiability proof generation schema for generalized conflict analysis
and clause learning was developed.

Theorem
If all reason clauses are consequences of F, then learned clauses are linear
resolvents in the reason clauses, therefore consequences of F.

Unsatisfiability proofs for arbitrary conflict analysis methods
generated by providing derivations of reason clauses

Interleaved parity reasoning
reason clauses are obtained Gauss-Jordan elimination
translations can be generated with our approach



Conclusions



Conclusions

® Non-classical proof systems are formalized within an unified framework.

unsatisfiability proof generation as derivation translations
integration of derivation fragments can be guaranteed

® Unsatisfiability proofs for parity reasoning-based SAT solving is attained.

translation of Xor derivations through the direct encoding
two translation methods: direct and linear translations
theoretical and empirical comparisons to choose the shorter

® Future work generating unsatisfiability proofs for cardinality resolution



Thank you!
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CDCL SAT Solving

F= { Or(—|p1) , or(p1 1P3) , Or(—|p2,—1p3,—|p4) , Or(p4vps) , or(—|p3,p4.—'p6) ,
or(=ps.ps) » or(p,.ps) . or(py,=ps,—=ps) }

CDCL-style SAT solving
® try to construct a satisfying interpretation
®= |earn clauses from conflicts to redirect the search
= satisfiable if a satisfying interpretation is found
® unsatisfiable if the empty clause or( ) is learned



CDCL SAT Solving

F= { Or(—|p1) , or(p1 1P3) , Or(—|p2,—1p3,—|p4) , Or(p4vps) , or(—|p3,p4.—'p6) ,
or(=ps.ps) » or(p,.ps) . or(py,=ps,—=ps) }
[1]

initialize start with the empty partial interpretation

conflict graph: reason clauses:



CDCL SAT Solving

F= { or(—-p1) , or(p1 1P3) , Or(—|p2,—1p3,—|p4) , Or(p4vps) , or(—|p3,p4.—'p6) ,
or(=ps.ps) » or(p,.ps) . or(py,=ps,=ps) }
[1]

unit propagation -p,

conflict graph: reason clauses:



CDCL SAT Solving

F= { Or(—|p1) , or(p1 1P3) , Or(—|p2,—1p3,—|p4) , Or(p4vps) , or(—|p3,p4.—'p6) ,
or(=ps.ps) » or(p,.ps) . or(py,=ps,—=ps) }
[ P4 ]

unit propagation -p,

conflict graph: reason clauses:

R(=p,) = or(=p;)



CDCL SAT Solving

F= { or( P3) , Or(—|p2,—1p3,—|p4) , Or(p4vps) , or(—|p3,p4.—'p6) ,
or(=ps.ps) » or(p,.ps) . or(py,=ps,=ps) }
[ P, ]

unit propagation -p,

conflict graph: reason clauses:

R(=p,) = or(=p,)



CDCL SAT Solving

F= { or( P3) , Or(—|p2,—1p3,—|p4) , Or(p4vps) , or(—|p3,p4.—'p6) ,
or(=ps.ps) » or(p,.ps) . or(py,=ps,=ps) }
[ P, ]

unit propagation p,

conflict graph: reason clauses:

R(=p,) = or(=p,)



CDCL SAT Solving

F= { or( P3) , Or(—|p2,—1p3,—|p4) , Or(p4vps) , or(—|p3,p4.—'p6) ,
or(=ps.ps) » or(p,.ps) . or(py,=ps,=ps) }
[_'p1 » P3 ]

unit propagation p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(p;) = or(p,.p;)



CDCL SAT Solving

F= { or(—|p2, —'P4) , Or(p4vps) ,or( p4'_|p6) ,
or(=ps.ps) » or(p,.ps) . or(py,=ps,—=ps) }
[-p,.ps]

unit propagation p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(ps) = or(p,, ps)



CDCL SAT Solving

F= { or(—|p2, —'P4) , Or(p4vps) ,or( p4'_|p6) ,
or(=ps.ps) » or(p,.ps) . or(py,=ps,—=ps) }
[-p,.ps]

literal decision p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(ps) = or(p,, ps)



CDCL SAT Solving

F={ or(=py, .. 7p,) s 0r(py.ps)  or(- 0. py—pg)
or(=ps.ps) » or(p,.ps) . or(py,=ps,—=ps) }
[=pi.ps. P ]

literal decision p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(ps) = or(p,, ps)

p;




CDCL SAT Solving

F= { or( —'P4) , Or(p4vps) ,or( p4'_|p6) ,
or(—ps.ps) }
[=Pi.ps. P51

literal decision p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(ps) = or(p,, ps)




CDCL SAT Solving

F= { or( _'p4) , Or(p4vps) ,or( p4'_|p6) ,
or(—ps.ps) }
[=Pi.ps. P51

unit propagation -p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(ps) = or(p,, ps)




CDCL SAT Solving

F= { OI’( _‘P4) ’ Ol’(p4,p5) ’ OI’( p4v_'p5) ’
or(—ps.ps) )
(=P, ps. Py —pu]

unit propagation -p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

’ R(p3) i or(p1,p3)
R(=p,) = or(—p,, =P, —P,)
"




CDCL SAT Solving

F={ or(1..ps) , or( —pg)
or(=ps.pg) }
[=p:.ps. P P, ]

unit propagation -p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(p3) f or(p1,p3)
R(=p,) = or(=p;, —P;, —p,)
vl




CDCL SAT Solving

F={ or(s.ps) v or( ..o =pg)
or(—ps.p) }
[=p:.ps. P P, ]

unit propagation p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(p3) f or(p1,p3)
R(=p,) = or(=p;, —P;, —p,)
vl




CDCL SAT Solving

F={ or(-. ps) , or( —pg)
or(—=ps.ps) }
[P+ pPs. Py =Py Ps ]

unit propagation p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(p3) = or(p1,p3)
R(“‘P4) = Or(_'pzv —Ps, —'P4)

. / R(ps) = or(p,, ps)

P




CDCL SAT Solving

F={ or( —Ps)
or(- 1. .pe) }
[P+ pPs. D5, =Py Ps ]

unit propagation p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(p3) = or(p1,p3)

@ R(=p,) = or(=p;. P3, —P,)
/.\A R(ps) = or(p,, ps)
P;




CDCL SAT Solving

F={ or( —Pe)
or(- 1. .pe) }
[P+ pPs. D5, =Py Ps ]

unit propagation —p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(p3) = or(p1,p3)

@ R(=p,) = or(=p;. P3, —P,)
/.\A R(ps) = or(p,, ps)
P;




CDCL SAT Solving

F= { OI'( —|p6) ,
or( Ps) }
(=P Ps. Py —Pss Ps s 6 ]

unit propagation —p,

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(ps) - or(p;. p3)
R(=py) = or(=pz =p; 7p.)
/ R(ps) = or(p,. ps)

P; R(—|p6) = or(—.p3,p4'—.p6)




CDCL SAT Solving

F={

or(

[-pys Py D5y —Pss Ps —P6 ]

unit propagation

conflict graph:

)

—|p6

reason clauses:
R(_'p1) = or(—|p1)
R(p3) = or(p1,p3)
R(_'p4) = or(—|p2, “P3, _‘P4)
R(ps) = or(p4,p5)
R(_'ps) = or(—|p3,p4, _'ps)



CDCL SAT Solving

F={
or( ) }
[=pi.Ps. Py =Pss P =P ]
conflict or( )
conflict graph: reason clauses:

R(=p,) = or(=p,)

R(ps) - or(p;. p3)
R(=py) = or(=pz =p; 7p.)
/ R(ps) = or(p,. ps)

p; R(—|p6) = or(—|p3’ p4' —|p6)




CDCL SAT Solving

F={
or( ) }
[=pi.Ps. Py =Pss P =P ]
conflict or( )
conflict graph: reason clauses:

R(_'p1) = or(—|p1)
R(py) = or(py. py)
@ R(_'p4) = or(—|p2, “P3, _‘P4)
/ R(ps) = or(p4,p5)
[ R(=ps) = or(—ps, P4r —Ps)

R(L) = or(=ps. pe)




CDCL SAT Solving

F={
or( ) }
[=pi.Ps. Py =Pss P =P ]
conflict or( ) learn a new clause and backtrack
conflict graph: reason clauses:

R(_'p1) = or(—|p1)
R(py) = or(py. py)
@ R(_'p4) = or(—|p2, “P3, _‘P4)
/ R(ps) = or(p4,p5)
[ R(=ps) = or(—ps, P4r —Ps)

R(L) = or(=ps. ps)




CDCL SAT Solving

F={
or( ) }
[=pi.Ps. Py =Pss P =P ]
conflict or( ) learn a new clause and backtrack
conflict graph: reason clauses:

R(_'p1) = or(—|p1)
R(py) = or(py. py)
@ R(_'p4) = or(—|p2, “P3, _‘P4)
/ R(ps) = or(p4,p5)
[ R(=ps) = or(—ps, P4r —Ps)

R(L) = or(=ps. ps)




CDCL SAT Solving

F={
or( ) }
[-pys Py D5y —Pss Ps —P6 ]

conflict or( ) learn a new clause and backtrack

learned clauses entailed clauses that prune the search space
obtained by linear resolution from reason clauses

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(py) = or(py. py)
@ R(_'p4) = or(—|p2, “P3, _‘P4)
/ R(ps) = or(p,. ps)
[ R(=ps) = or(—ps, P4r —Ps)

R(L) = or(=ps. ps)




CDCL SAT Solving

F={
or( ) }
[-pys Py D5y —Pss Ps —P6 ]

conflict or( ) learn a new clause and backtrack

or(—p,, 7p;) = R(L) ® R(—ps) ® R(ps) ® R(—p,)

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

@ ,II R(p3) = or(p1,p3)
1 @ R(_'p4) = or(—|p2, ~Ps3» _‘P4)
/‘/ R(ps) = or(p,. ps)
>8I R(=ps) = or(—ps, P4r —Ps)

R(L) = or(=ps. ps)




CDCL SAT Solving

F={
or( ) , or(=p,, —p;) }
[-pys Py D5y —Pss Ps —P6 ]

conflict or( ) learn a new clause and backtrack

or(=p,, =p;) = R(L) ® R(=ps) ® R(ps) ® R(—p,)

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

@ ,II R(p3) = or(p1,p3)
1 @ R(_'p4) = or(—|p2, ~Ps3» _‘P4)
/‘/ R(ps) = or(p,. ps)
>8I R(=ps) = or(—ps, P4r —Ps)

R(L) = or(=ps. ps)




CDCL SAT Solving

F={
or( ) » or( )}
[=pi.Ps. Py =Pss P =P ]
conflict or( ) learn a new clause and backtrack
conflict graph: reason clauses:

R(_'p1) = or(—|p1)
R(py) = or(py. py)
@ R(_'p4) = or(—|p2, “P3, _‘P4)
/ R(ps) = or(p4,p5)
[ R(=ps) = or(—ps, P4r —Ps)

R(L) = or(=ps. ps)




CDCL SAT Solving

F={
or( ) » or( )}
[=pi.Ps. Py =Pss P =P ]
conflict or( ) learn a new clause and backtrack
conflict graph: reason clauses:

R(_'p1) = or(—|p1)
R(py) = or(py. py)
@ R(_'p4) = or(—|p2, “P3, _‘P4)
/ R(ps) = or(p4,p5)
[ R(=ps) = or(—ps, P4r —Ps)

R(L) = or(=ps. ps)




CDCL SAT Solving

F=
or( ) » or( )}
[=Pi+pPs. P53y =Py Ps —P6 ]

conflict or( ) learn a new clause and backtrack
backtracking undo decisions by dropping latter literals in the interpretation

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(py) = or(py. py)
@ R(_'p4) = or(—|p2, “P3, _‘P4)
/ R(ps) = or(p,. ps)
[ R(=ps) = or(—ps, P4r —Ps)

R(L) = or(=ps. ps)




CDCL SAT Solving

F={

or( ) , or( ) }
[Py, ps]
conflict or( ) learn a new clause and backtrack

backtracking undo decisions by dropping latter literals in the interpretation

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(py) = or(py. py)
@ R(_'p4) = or(—|p2, “P3, _‘P4)
/ R(ps) = or(p,. ps)
[ R(=ps) = or(—ps, P4r —Ps)

R(L) = or(=ps. ps)




CDCL SAT Solving

F= { or(—|p2, —'P4) , Or(p4vps) ,or( p4'_|p6) ,
or(=ps.ps) » or(py.ps) . or(py,=ps,=ps) , or(=p,, ) }
[-pi.ps]
conflict or( ) learn a new clause and backtrack

backtracking undo decisions by dropping latter literals in the interpretation

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

R(ps) = or(p,, ps)



CDCL SAT Solving

F={
or( ) }
[=pPi.Ps. =Py s =P ]
conflict or( ) learn a new clause and backtrack
conflict graph: reason clauses:

R(=p,) = or(=p,)

@ @ @ R(ps) = or(p,, ps)

@ R(=p,) = or(=p,, —p;)

R(ps) = or(p,, ps)
R(=ps) = or(p,, =ps. —p)

R(L) = or(=ps. ps)



CDCL SAT Solving

F={
or( ) }
[=pPi.Ps. =Py s =P ]
conflict or( ) learn a new clause and backtrack
conflict graph: reason clauses:

R(=p,) = or(=p,)

@ @ @ R(ps) = or(p,, ps)

@ R(=p,) = or(=p,, —p;)

R(ps) = or(p,, ps)
R(=ps) = or(p,, =ps. —p)

R(L) = or(=ps. ps)



CDCL SAT Solving

F={
or( ) }
[=Pi+Psy =Pys sy =P ]
learn a new clause and backtrack

conflict or( )
or() = R(L) ® R(—ps) ® R(ps) ® R(—p,) ® R(ps) ® R(—p,;)

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

! Cr)—(poy—(ry—(P:) R(p;) = or(p,.p;)
@ R(_'pz) = or(—|p2, _'ps)
R(ps) = or(pzvps)

\ R(_'ps) = or(pzv “Ps.» _'ps)
R(L) = or(=ps. ps)

\
v



CDCL SAT Solving

F={
or( ) or() }
[=Pi+Psy =Pys sy =P ]

conflict or( ) learn a new clause and backtrack

or() = R(L) ® R(—ps) ® R(ps) ® R(—p,) ® R(p3) ® R(—p;)

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

@ @ @ R(ps) = or(p,, ps)

@ R(_'pz) = or(—|p2, _'ps)

R(ps) = or(p,. ps)
R(_'ps) = or(pzv —Ps» _'ps)

R(L) = or(=ps. ps)



CDCL SAT Solving

F={
or( ) or() }
[=pPi.Ps. =Py s =P ]
conflict or( ) learn a new clause and backtrack
conflict graph: reason clauses:

R(=p,) = or(=p,)

@ @ @ R(ps) = or(p,, ps)

@ R(=p,) = or(=p,, —p;)

R(ps) = or(p,, ps)
R(=ps) = or(p,, =ps. —p)

R(L) = or(=ps. ps)



CDCL SAT Solving

F={
or( ) or() }
[=pPi.Ps. =Py s =P ]
conflict or( ) learn a new clause and backtrack
conflict graph: reason clauses:

R(=p,) = or(=p,)

@ @ @ R(ps) = or(p,, ps)

@ R(=p,) = or(=p,, —p;)

R(ps) = or(p,, ps)
R(=ps) = or(p,, =ps. —p)

R(L) = or(=ps. ps)



CDCL SAT Solving

F={
or( ) or() }
[=Pi+Psy =Pys sy =P ]

conflict or( ) learn a new clause and backtrack
backtracking not necessary because or( ) was learned

conflict graph: reason clauses:
R(_'p1) = or(—|p1)

@ @ @ R(ps) = or(p,, ps)

@ R(_'pz) = or(—|p2, _'ps)

R(ps) = or(p,. ps)
R(_'ps) = or(pzv —Ps» _'ps)

R(L) = or(=ps. ps)



CDCL SAT Solving

F= { Or(—|p1) , or(p1 1P3) , Or(—|p2,—1p3,—|p4) , Or(p4vps) , or(—|p3,p4.—'p6) ,
or(=ps.ps) » or(p,.ps) . or(py,=ps,—=ps) }

Fis unsatisfiable



CDCL SAT Solving

F= { Or(—|p1) , or(p1 1P3) , Or(—|p2,—1p3,—|p4) , Or(p4vps) , or(—|p3,p4.—'p6) ,
or(=ps.ps) » or(p,.ps) . or(py,=ps,—=ps) }

Fis unsatisfiable

Problem how to generate an unsatisfiability proof?



CDCL SAT Solving

F= { Or(—|p1) , or(p1 1P3) , Or(—|p2,—1p3,—|p4) , Or(p4vps) , or(—|p3,p4.—'p6) ,
or(=ps.ps) » or(p,.ps) . or(py,=ps,—=ps) }

Fis unsatisfiable

Problem how to generate an unsatisfiability proof?

Solution record the sequence of learned clauses
check whether they are linear resolvents



Linear translations



Splitting of a parity constraint

Assume a total ordering on variables.

Splitting of a parity constraint using Tseitin variables

X=par( py, Py e P T?) (py <P, <+ <py)



Splitting of a parity constraint

Assume a total ordering on variables.

Splitting of a parity constraint using Tseitin variables

par(x,, )
par(xy, py. Xy, )
par( X110 P21 Xy )
par( xn—1’pn‘xn )
® par( X, T7?)

X=par( py, Py e P T?) (py <P, <+ <py)



Splitting of a parity constraint

Assume a total ordering on variables.

Splitting of a parity constraint using Tseitin variables

par(x,, )
par(xy, py. Xy, )
ar| X, » X.
p ( 1 pZ 2 . ) — \S(X)
par( xn—1’pn‘xn )
) par( X, T?)

X=par( py, Py e P T?) (py <P, <+ <py)



Splitting of a parity constraint

Assume a total ordering on variables.

Splitting of a parity constraint using Tseitin variables

par(x,. )
par(xq, py. Xy, )
par( X11P21 X5 )
par( xn—1'pn'xn )
) par( X, T?)

X=par( p,, Py e p, T?)

Definition: linear encoding of a parity constraint
L(X) = D(S(X))

Proposition

= S(X)

(py <py <:-<p,)

I E Xiff J = £(X) for an interpretation J agreeing with / on the variables of X



Intermediate translation of an Xor-derivation

Assume an Xor-derivation of A, from A,.

Xor
Xor

Xor

20



Intermediate translation of an Xor-derivation

Assume an Xor-derivation of A, from A,.

A —2 4 S(A,) Goal
translation through the splitting

Xor
Xor

Xor

An % S(An)

20



Intermediate translation of an Xor-derivation

Assume an Xor-derivation of A, from A,.

A —2 4 S(A,) Goal
§ translation through the splitting
Xor
= translate single Xor inferences

® concatenate translations
S(A,)

Xor %
S(A
An—1 |—S> S(An—1) ( fl)

Xor §

An % S(An)




Intermediate translation of an Xor-derivation

Assume an Xor-derivation of A, from A,.

A —2 4 S(A,) Goal
§ translation through the splitting
Xor
s = translate single Xor inferences
A — S(A) ® concatenate translations
S(A,)
Xor % Parity constraint deletion
. deleting parity constraints in the
) splitting
Xor %
s S(A,) Parity constraint addition
A_i——S(A,,) " stepwise addding parity constraints in
§ the splitting
Xor

An % S(An)



Linear translations

>

21



Linear translations

D(A)

>

B D(B)

Goal generate a translation through the direct encoding of an Xor-derivation

21



Linear translations

A
S(A)
—
S(B)
B

Intermediate translation an EXor translation through the splitting with
bounded-sized parity constraints

21



Linear translations

A
S(A) L(A)
S(B) L(B)
B

Lift obtained by direct translation from the splitting

21



Linear translations

>

D(A)
S(A) £(A)
S(B) £(B)
B D(B)

Lift obtained by direct translation from the splitting... but we need a
translation through the direct encoding!

21



Linear translations

D(A)
A
S(A) £(A)
S(B) £(B)
B
D(B)

Idea generate Rat-derivations between direct and linear translations

21



Linear translations

A

A
S(A) £(A)
S(B) £(B)
B

an EXor-derivation iteratively splits premise parity constraints

Splitter

21



Linear translations

A D(A)
Al Y )
S(A) £(A)
S(B) £(B)
B

Prefix derivation obtained by direct translation from the splitting

21



Linear translations

A D(A)

Al b ol ;
S(A) £(A)
S(B) £(B)

B :
D(B)

Suffix derivation clauses in the direct encoding of a parity constraint are
resolution asymmetric tautologies in their linear encoding

21



Linear translations

m"\/\/\/\/\/\/\/\/\/\/\/\/\/\/\zh

Linear translation
derivation

A D(A)

: b ol S D(A)
S(A) £(A)
S(B) £(B)

I > D(B)
D(B)

concatenation of the prefix derivation, the lift and the suffix

21



Translating parity constraint addition
inferences through the splitting



Translating parity constraint addition inferences

Example par(p,,p,, T) ® par(p,, p;) = par(p,,p;, T)
Parity constraints  par(p,,p,, T)  par(p,,p;) par(p,.ps, T)
Splitting matrix  par(x,) par(y,) par(z,)
par(xy, py.x;)  par(yo,py.yy)  par(zy, py.z;)
par(x,,py. ;) par(y,.ps.y,)  par(z,,ps;.z,)

Independent parity  par(x,, T) par(y,) par(z,, T)
constraint

symmetric difference of sorted lists

P P>

P p3

23



Translating parity constraint addition inferences

Example par(p,,p,, T) ® par(p,, p;) = par(p,,p;, T)
Parity constraints  par(p,,p,, T)  par(p,,p;) par(p,.ps, T)
Splitting matrix  par(x,) par(y,) par(z,)
par(xy, py.x;)  par(yo,py.yy)  par(zy, py.z;)
par(x,,py. ;) par(y,.ps.y,)  par(z,,ps;.z,)

Independent parity  par(x,, T) par(y,) par(z,, T)
constraint

symmetric difference of sorted lists

o0 o0 o0
P P>

P p3

23



Translating parity constraint addition inferences

Example par(p,,p,, T) ® par(p,, p;) = par(p,,p;, T)
Parity constraints  par(p,,p,, T)  par(p,,p;) par(p,.ps, T)
Splitting matrix  par(x,) par(y,) par(z,)
par(xy, py.x;)  par(yo,py.yy)  par(zy, py.z;)
par(x,,py. ;) par(y,.ps.y,)  par(z,,ps;.z,)

Independent parity  par(x,, T) par(y,) par(z,, T)
constraint

symmetric difference of sorted lists

P P> P,
ol 1 ol
P p3

23



Translating parity constraint addition inferences

Example par(p,,p,, T) ® par(p,, p;) = par(p,,p;, T)
Parity constraints  par(p,,p,, T)  par(p,,p;) par(p,.ps, T)
Splitting matrix  par(x,) par(y,) par(z,)
par(xy, py.x;)  par(yo,py.yy)  par(zy, py.z;)
par(x,,py. ;) par(y,.ps.y,)  par(z,,ps;.z,)

Independent parity  par(x,, T) par(y,) par(z,, T)
constraint

symmetric difference of sorted lists

P P> P,

by p3
o2 2

23



Translating parity constraint addition inferences

Example par(p,,p,, T) ® par(p,, p;) = par(p,,p;, T)
Parity constraints  par(p,,p,, T)  par(p,,p;) par(p,.ps, T)
Splitting matrix  par(x,) par(y,) par(z,)
par(xy, py.x;)  par(yo,py.yy)  par(zy, py.z;)
par(x,,py. ;) par(y,.ps.y,)  par(z,,ps;.z,)

Independent parity  par(x,, T) par(y,) par(z,, T)
constraint

symmetric difference of sorted lists

P P> P,

P p3 p3
o2 °2 °2

23



Translating parity constraint addition inferences

Example par(p,,p,, T) ® par(p,, p;) = par(p,,p;, T)
Parity constraints  par(p,,p,, T)  par(p,,p;) par(p,.ps, T)
Splitting matrix  par(x,) par(y,) par(z,)
par(xy, py.x;)  par(yo,py.yy)  par(zy, py.z;)
par(x,,py. ;) par(y,.ps.y,)  par(z,,ps;.z,)

Independent parity  par(x,, T) par(y,) par(z,, T)
constraint

symmetric difference of sorted lists

P P> P,

P p3 p3

23



Translating parity constraint addition inferences

Example par(p,,p,, T) ® par(p,, p;) = par(p,,p;, T)

Parity constraints

par(p,,p,: T)

par(p,. p;) par(p;,p;, T)

Splitting matrix  par(x,)

par(xy, py, X;)
par(x1 'pzvxz)

Independent parity
constraint

par(x;, T)

symmetric difference of sorted lists

o0 o0 o0
P P>
1 1
P p3
2 2

par(z,)
par(zy, py, 2;)
par(z1 ’ p3vzz)
par(z,, T)

par(yo)
par(yo. py. 1)
par(y,.ps. ;)

par(y,)

counter parity constraint  par(x,, ¥, 2;)

par(x,) par(y,)

@

aQ
®
-

par(xy. o) par(z,)

par(xo,yo,zo)

23



Translating parity constraint addition inferences

Example par(p,,p,, T) ® par(p,, p;) = par(p,,p;, T)
Parity constraints  par(p,,p,, T)  par(p,,p;) par(p,.ps, T)
Splitting matrix  par(x,) par(y,) par(z,)
par(xy, py.x;)  par(yo,py.yy)  par(zy, py.z;)
par(x,,py. ;) par(y,.ps.y,)  par(z,,ps;.z,)

Independent parity  par(x,, T) par(y,) par(z,, T)
constraint
symmetric difference of sorted lists counter parity constraint  par(x,,y,,2,)
0 o0 0
P, P> P, par(xo,yo,zo) par(xo,p1,x1)
ol 1 ol ® def
P> P3 Paf(Xpyo-ZoyPﬂ par(zo,p1,z1)
2 2 ®

par(x,.¥o.2,)

23



Translating parity constraint addition inferences

Example par(p,,p,, T) ® par(p,, p;) = par(p,,p;, T)
Parity constraints  par(p,,p,, T)  par(p,,p;) par(p,.ps, T)
Splitting matrix  par(x,) par(y,) par(z,)
par(xy, py.x;)  par(yo,py.yy)  par(zy, py.z;)
par(x,,py. ;) par(y,.ps.y,)  par(z,,ps;.z,)

Independent parity  par(x,, T) par(y,) par(z,, T)
constraint
symmetric difference of sorted lists counter parity constraint  par(x,,y,,z,)
0 0 0
P, P> P, par(x1,y0,z1) par(x1,p2,x2)
1 ol ol ®
p, p; par(x;, ¥o: 2, P,) par(yo. P2, ¥1)
o2 2 &

par(x,.y,.2,)

23



Translating parity constraint addition inferences

Example par(p,,p,, T) ® par(p,, p;) = par(p,,p;, T)
Parity constraints  par(p,,p,, T)  par(p,,p;) par(p,.ps, T)
Splitting matrix  par(x,) par(y,) par(z,)
par(xy, py.x;)  par(yo,py.yy)  par(zy, py.z;)
par(x,,py. ;) par(y,.ps.y,)  par(z,,ps;.z,)

Independent parity  par(x,, T) par(y,) par(z,, T)
constraint
symmetric difference of sorted lists counter parity constraint  par(x,,y,,2,)
0 0 0
P, P> P, par(xz,y1,z1) par(y1vp3v}’2)
1 1 1 2 def
p, p; p; par(x;, ¥3:2,p3) par(z;,ps.2,)
o2 o2 e2 &

par(xz,yz,zz)

23



Translating parity constraint addition inferences

Example par(p,,p,, T) ® par(p,, p;) = par(p,,p;, T)
Parity constraints  par(p,,p,, T)  par(p,,p;) par(p,.ps, T)
Splitting matrix  par(x,) par(y,) par(z,)
par(xy, py.x;)  par(yo,py.yy)  par(zy, py.z;)
par(x,,py. ;) par(y,.ps.y,)  par(z,,ps;.z,)

Independent parity  par(x,, T) par(y,) par(z,, T)
constraint
symmetric difference of sorted lists independent parity constraint  par(z,, T)
0 0 0
P P> P par(x,,y,.2,) par(x,, T)
1 1 1 ®
P, Ps ps par(y,.2,, T) par(y,)
2 2 2 ®

par(z,, T)

23
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