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The Problem: Calculi for Modal Logics

Sequent calculi for modal logics are well-established and
well-understood — but not entirely satisfactory!

Some desiderata for “good” calculi [Wansing:'02]:

» subformula property: all the material in the premisses is
contained in the conclusion

> separation: distinct left and right introduction rules
» locality: no restrictions on the context

» modularity: obtain other logics by changing single rules

N
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The Problem: Calculi for Modal Logics ... Don't Work

It can be easily verified that each of the standard rule
systems [for modal logics] fails to satisfy some of the

philosophical requirements |[...].
[Wansing:'94]

Eg.:

FOASA
Subformula property: v v
Separation: X v
Locality: X X
Modularity:




The Solution: Extend the Sequent Framework

If the sequent structure is not rich enough for modal logics,
extend the structure!

Two of the main contenders:

For the internal approaches: For the external approaches:
Nested Sequents Labelled Sequents
» extend sequent structure » extend formula structure

xRy, x :UA=y: A
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An alternative contender for the (mostly) internal approach:

Linear Nested Sequents
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Reminder: Modal logics

The formulae of modal logic are given by

pu=Var| @ |pAp|pVe|p—e|Op

The Hilbert-style presentation of normal modal logic K is given by
the axioms and rules for classical propositional logic and

FA
FOA

k O(A— B)ADA— OB nec

A sequent is a tuple of multisets of formulae, written I = A and
interpreted as AI' - VA.

The sequent system for K contains the standard propositional rules

together with
= A

DF:>DAk
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Linear nested sequents

Definition
A linear nested sequent (LNS) is a finite list of sequents, written

F1:>A1//...//I',,:>A,,
and interpreted as Al'y — VA vO(...O(AlF, = VA,)...).

The nested sequent system for K yields the modal rules of LNSk:
GIT = AJL, A= NJH GIr=A) = A

GJT,0A= AJS = NJH " G/T = A, DA Hr
The propositional rules are standard, e.g.:
G)T.B=DJH G|T = A AIH GJT,A= A BJH
GIT,A— B=AJH G = A A— BJH

Remark: These are essentially the 2-sequents of [Masini:92]

—R
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Linear nested sequents

Definition
A linear nested sequent (LNS) is a finite list of sequents, written

F1:>A1//...//I’,,:>A,,
and interpreted as Al'y — VA vO(...O(AlF, = VA,)...).

The nested sequent system for K yields the modal rules of LNSk:
GIT = AJL, A= NJH GIr=A) = A
GIT,0A= AJE = NJH - GT = A, 0A

Ur

Subformula property: v
Separation: v
Locality: v



Completeness for linear nested sequents

We could show completeness via cut elimination ... but it’s easier!

Main Observation: The data structure of LNS is the same as that
of a history in backwards proof search for a sequent calculus.

So we simply simulate a sequent derivation in the last components:

(G is the history)

= A K G/ = AT = A
g

Ur = DA ~ GO =LA[= A
L G G/0r = OA R

Theorem: LNSk is sound and cut-free complete for K.

Corollary: Cut-free completeness of the nested sequent calculus.
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Extension No.1: Multimodal Logics
The formulae of multimodal logics include modalities [; for i € /.

To capture multimodal logics we include indexed nesting operators:

M= Al/il .. .//""F,,H = An+1
interpreted as: Al'p — VAL VO (...0; (AT py1 = VA1) .0 ).

E.g.: multimodal logic K ® K
GJT = At = A GIFT=A)? = A
GJFT = A, [11A GJKT = A, LA

GJFT = AJPL, A= NJH GJFT = AJPL, A= TNJH

GJT,CiA= AJ'E=N)H  GJ*T,[LA= AJ°E = NJ'H
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Extension No.1l: Simply Dependent Multimodal Logics

The formulae of multimodal logics include modalities [; for i € /.

To capture multimodal logics we include indexed nesting operators:

M= Al/il .. .//""F,,H = An+1
interpreted as: Al'f = VA1V |:|,'1(. .. EI,-,,(/\F,,H — \/An+1) - )
E.g.: simply dependent multimodal logic K ® K & (Cap — i p)

GIT=A) = A GIFT=A)? = A
GJFT = A 0LA GJFT = A, LA
GJFT = AJPL, A= NJH GJFT = AJPL, A= TNJH

GJT,CiA= AJ'E=N)H  GJ*T,[LA= AJ°E = NJ'H

GJFT = AJPE, A= NJH
GJFT,hA= AJ'Y = NJH
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Extension No.1l: Simply Dependent Multimodal Logics

The formulae of multimodal logics include modalities [; for i € /.

To capture multimodal logics we include indexed nesting operators:
M= Ay T = Apys

interpreted as: Al'p — VAL VO (...0; (AT py1 = VA1) .0 ).

E.g.: simply dependent multimodal logic K ® K & (Cap — i p)

Theorem: For L a suitable simply dependent multimodal logic, the
calculus LNS is sound and complete for L.

Proof sketch: Simulate the sequent rules, e.g.:

Q//kDJ,Dzz = DlA//ll',Z = A

Nr=A .
Uil O = 1A g// Dlr,DQijlA//lr:A
Y G/FONT, LY = 1A = A

G /KO, 0% = [hA



Extension No.2: Non-normal Modal Logics
The language of monotone modal logic M is that of modal logic.

The sequent system for M contains the standard propositional

rules and the rule
A= B

0OA = g Mon

To capture this rule we use a marker \\ for “unfinished rules”: A
monotone LNS has the form (n > 1)

FléAl//...//F,,éA,,
or Iy :>A1//...//F,,:>A,,\\F,,+1 :>An+1

Translating the sequent rule Mon yields the modal rules of LNSy:

g//r:>A\\$BD GIT= AL, A=1
G)F=A0B ° GJr,0A=A\E =T

g

The propositional rules cannot be applied inside \.
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Modularity: the Modal Tesseract

__KT4

CT4- KT NT4
ST /‘

T~ T4 kpaNT  |PATA
e, S J{,/”7’ ND24
cp4a " T KD | ~(OAADO-A)

Pz D4 ND, ND; 4
cD 1 | ke 1
D, D4~/  ND;i_ “HL
41 K N4
A e N
C::’ \4—’( ”,:N DA%DDA
Ao

DA/\DB—>D(A/\B) ™M

Theorem: For A C {C,N,Dj,D,, T, 4} the calculus LNSp 4 is
sound and complete for MA.
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Adding to the Mix: Substructural Logics

We can change the base logic from classical logic to multiplicative
additive linear logic (MALL) with formulae in NNF given by:

pu=Var|Vart |0 1| T | L|edp|@op | p&ep | pogp

(Classical connectives split into additive and multiplicative ones.)

Add to the mix indexed modalities " with duals ? for i € /.
For this we use single-sided LNS of the form (n > 0):

A L g
or Tofm. .. 1T \"T pis

with interpretation given by: 2T 918 (.. . (2@, 41)...)

Remark: See also [Guerrini et al:'98].
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Adding to the Mix: Substructural Logics

We can change the base logic from classical logic to multiplicative
additive linear logic (MALL) with formulae in NNF given by:

pu=Var|Vart |0 1| T | L|edp|@op | p&ep | pogp

(Classical connectives split into additive and multiplicative ones.)
Add to the mix indexed modalities ' with duals ?' for i € /.
For this we use single-sided LNS of the form (n > 0):
BV L L]
or Tyf™. .. =T, \'"T py1
or T/ .. )"\l i1

with interpretation given by: Sl (9T ). ..)
and @l 2! (L. 1109 8780 1) . .. ) respectively

Remark: See also [Guerrini et al:'98].
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Substructural Logics

The propositional rules split into additive and multiplicative ones:

GJKT,FJ'H G )T, GJ'H GJFT,F GJks, G
G T F & GJ*H GJFT Z, F o G

g p, p* EJFT.T
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Substructural Logics

The propositional rules split into additive and multiplicative ones:

GJKT,FJ'H G )T, GJ'H GJFT,F GJks, G
G T F & GJ*H GJFT Z, F o G

GJFT\'T G/ r\tA -

EJkp, pt GJkr, T G /KT, F\tA E\!T
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Modal Substructural Logics

The propositional rules split into additive and multiplicative ones:

GJKT,FJ'H G )T, GJ'H GJFT,F GJks, G
GJ¥T F & G J*H GJFTZ, F o G
GJFT\'T G/ T\tA -
EJkp, pt GJkr, T G /KT, F\tA E\!T
The modal rules ...
GJer\'a, F , G/ T\'F |
GIFTPEN'A T g ykrVE ]

g/
G\
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Modal Substructural Logics

The propositional rules split into additive and multiplicative ones:

GJKT,FJ'H G )T, GJ'H GJFT,F GJks, G
GJ¥T F & G J*H GJFTZ, F o G
GJFT\!T G/kT\tA -
EJkp, pt GJkr, T G /KT, F\tA EN'T
The modal rules with Con / W ...

GJFT\'A, F , g/ T\'F . GJT .
GJFT P ENA T gkrUE T G\T
GITVFVF)H G/ T J*H

G, 7 F ) LG
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Modal Substructural Logics

The propositional rules split into additive and multiplicative ones:

GJKT,FJ'H G )T, GJ'H GJFT,F GJks, G
GJ¥T F & G J*H GJFTZ, F o G
GJFT\!T G/rr\ta -
EJkp, pt GJkr, T G /KT, F\tA EN'T
The modal rules with Con / W, properties . ..

GJFT\'A, F , g/ T\'F . GJT .
GJFT P ENA T gkrUE T G\T
GITVFVF)H G T)H

i i

GJ<T, 2 F J'H GJ<T, 27 FJ'H
GJkT ) F GJkT, F . GJT )N F A
GJT,YF T Gy YE T GV E)iA T
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Simply Dependent Multimodal Substructural Logics

The propositional rules split into additive and multiplicative ones:

GJKT,FJ'H G )T, GJ'H GJFT,F GJks, G
G T F & GJ*H GJFT Z, F o G
GJFT\!T G/kT\tA -
EJkp, pt GJkr, T G /KT, F\tA EN'T
The modal rules with Con / W, properties, and VF oliF

GPTVAF L GTVE G
g//kr,?jF\\iA K g//kl—’!,'l__ i NG ;
GITVFVESH G

i i

GJ<T, 2 F J'H W
M j wt. W[y
GJT,YF 1 GYRTLYE T GYRTLYF)IA T
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Summing Up

The Linear Nested Sequent framework provides standard analytic
calculi for large classes of

» simply dependent normal multimodal logics,
» non-normal modal logics,

» simply dependent normal multimodal extensions of MALL.

What we haven't seen:

» calculi for conditional logics,

v

calculi for intuitionistic and intermediate logics,

» connections to labelled sequent calculi,

v

connections to hypersequents.

14



References

T P P P 1A R P

Marianna Girlando, Bjorn Lellmann, Nicola Olivetti, and Gian Luca Pozzato, Standard sequent calculi for
Lewis’ logics of counterfactuals, Logics in Artificial Intelligence. JELIA 2016. (L. Michael and A. Kakas,
eds.), Lecture Notes in Computer Science, vol. 10021, Springer, Cham, 2016, pp. 272-287.

Stefano Guerrini, Simone Martini, and Andrea Masini, An analysis of (linear) exponentials based on
extended sequents, Logic Journal of the IGPL 6 (1998), no. 5, 735-753.

Bjorn Lellmann, Linear nested sequents, 2-sequents and hypersequents, Automated Reasoning with Analytic
Tableaux and Related Methods (Hans De Nivelle, ed.), Lecture Notes in Computer Science, vol. 9323,
Springer International Publishing, 2015, pp. 135-150 (English).

Bjorn Lellmann and Elaine Pimentel, Proof search in nested sequent calculi, LPAR-20 2015 (Martin Davis,
Ansgar Fehnker, Annabelle Mclver, and Andrei Voronkov, eds.), Springer Berlin Heidelberg, 2015,

pp. 558-574.

Bjérn Lellmann and Elaine Pimentel, Modularisation of sequent calculi for normal and non-normal
modalities, CoRR abs/1702.08193 (2017).

Bjorn Lellmann, Elaine Pimentel, and Carlos Olarte, A uniform framework for substructural logics with
modalities, LPAR-21 (to appear), 2017.

Andrea Masini, 2-sequent calculus: a proof theory of modalities, Ann. Pure Aplied Logic 58 (1992),
229-246.

15/14



A Glimpse at Conditional Logics

The formulae of Lewis’ Conditional Logic have a binary operator <.
Conditional linear nested sequents have the form:

Q:I'1:>A1//...//F,,:>A,,
or g//Z:» H,[Ql QAl] ..... [Qk<]Ak]

with interpretation Al — VA; vVO(...O(AlF, — VA,)...) and
...D(/\Z — VI \/\/Beﬂl(B < A)\/ ~-~V\/Ber(B < Ak))...
where [JA = (L < —A)

The modal rules:

GIT=NA,[A<B] GT=AJ[Z,DaA GJT = A[X < (]
GJT = A A<B GIT,C<D= A, <A

GIT=AJA=Y  GIT=A[L,Q<A G)T = A[Z,Q < B
GgIT = A, [x <Al GIT = A [~ < A],[Q < B]
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Modularity for non-normal modal logics

C DAANOB — O(AAB) N OT
Ar=>4 gIr =4
GIT = A G\lr=A
D; —OL Dy —(0AAO-A) TOASA
g\ = GgJr = A\A= Mt
G ! GJT.OA=A G/T,0A= A
4 OA— ODA 5 O-AvO-0A
GIT = AJL,0A=TI GIT = AL =N,A
gJT,0A= A\L =T GJT = A,JA\Z =N

Theorem
For A C {C,N,D1,D2,T,4} the calculus LNSp 4 is sound and
complete for MA. Similar for some combinations with 5.

(Use calculi e.g. from [Lavendhomme-Lucas:'00, Indrzejczak:'05].)
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The Rules for Linear Logic

G|T1,F GJT1, Ft

gt ™ gt g T G,
S{r S{I,F, G} S{r,F} S{I,G} G/IT, Fly/x]
S{r, 1} S{I, F9G} S{I,F&G} G/ T Vx.F
GIT1,F G)T2,G G/T,F; . G/, F[t/x]
G)T1,T2,FRG GIT.FRoF ' G/T,3F
S{r,?F,?F} S{r} S{r, F}
I R N R S

S{TJAF} . GJTJF
S{r?Fjny ©  GJTIF"
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